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Eigenvalues of conformally invariant operators on
spheres.∗
Jarol´ım Buresˇ , Vladimı´r Soucˇek
1 Introduction
Let M be a smooth oriented compact n-dimensional manifold, n ≥ 3, endowed
with a Riemannian metric and a spin structure. A huge amount of information
has been collected concerning spectral properties of the basic invariant differential
operators onM. Spectra of the Laplace and the Dirac operators has been computed
explicitely on many examples of homogeneous spaces ([B1, B2, BGM, CaH, CFG,
Mi, MS, Sa]). Estimates concerning the first eigenvalues and relation to geometry
of M has been studied in many papers ([Fri1, Hi, Kir, KSW, Li2, Lo, Su]) In a
general case, exact formulae for eigenvalues are not available but their asymptotic
behaviour is a classical subject studied for a long time already ([DF, Ga]).
Recently, a growing interest is paid to properties of more complicated invariant
first order differential operators onM. A prototype of them is the Rarita-Schwinger
operator (see [Fra1, Fra2, FraS, MP, N, NGRN, Pe1, Pe2, Pe3, Pe4, Pe5, RaS, US,
Wa]). It acts on sections of the bundle associated to a more complicated rep-
resentation of the group Spin(n). In the paper, we are going to study spectral
properties of a certain class of differential operators on M which has been inten-
sively used in Clifford analysis in connection with monogenic differential forms (see
[DSS, Ry1, So1, So2, SoS, So3]). The aim of the paper is to compute explicitely
spectra of this class of conformally invariant operators on the flat model, i.e. on
spheres.
As for the Dirac and the Laplace operators, methods of representation theory
can be used in homogeneous case. The main tool used in the paper are general
results of Branson, O´lafsson and Ørsted (see [BOO]) describing a construction of
intertwinning operators between principal series representations of semisimple Lie
groups. They are able to compute spectra of a wide class of invariant operators up
to a normalisation, i.e. they are giving explicit formulae for ratios of eigenvalues.
These formulae can be used directly in odd dimensions. In even dimensions, differ-
ential operators studied here are not covered by the results in [BOO], nevertheless
the methods used there can be adapted for our purpose (see Sect.3).
The symbol of the Dirac operator is given by the Clifford multiplication. Hence
the question of normalisation is answered here by a choice of the Clifford action.
∗Research supported by the grant GACˇR 201/96/0310
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For higher spin representations and the associated invariant operators, the question
of normalisation of the studied operators is first to be settled (see Sect.2). To
compute exact formulae for spectra, it is then sufficient to find explicitely one
eigenvalue. It is done in Sect.4 using methods developed in [VSe].
2 First order conformally invariant operators
A classification and a description of first order conformally invariant differential
operators was first described by Fegan in ([F]). There is a standard definition of
an invariant (homogeneous) operator on homogeneous spaces but there are several
different definitions of conformally invariant operators in a curved case (for details
see a [BE, S, CSS1, CSS2]). A construction of curved analogues of invariant opera-
tors is a difficult task which is not yet completely understood (see [BE, GJM]). For
first order operators, however, there are no additional complications in the curved
case with respect to the homogenous model. A general scheme for a construction
of such invariant operators is as follows (see [F]).
Let M be a compact oriented manifold with a conformal structure. Let us
choose a Riemannian metric in the given conformal class and suppose that a spin
structure is given on M, i.e. that we have principal fibre bundles
P˜ ≡ P˜Spin → PSO →M.
on the manifold M.
Finite-dimensional irreducible representations Vλ of the group H = Spin(n)
are classified by their highest weights λ ∈ Λ+, where for n = 2k even, we have
Λ+ = {λ = (λ1, ..., λk);λ1 ≥ λ2 ≥ ... ≥ λk−1 ≥ |λk|}, λi ∈ Z ∪
1
2
Z
and for n = 2k + 1 odd, we have
Λ+ = {λ = (λ1, ..., λk);λ1 ≥ λ2 ≥ ... ≥ λk−1 ≥ λk ≥ 0}, λi ∈ Z ∪
1
2
Z.
Invariant operators are acting among spaces of sections of the corresponding
associated bundles
Vλ = P˜ ×H Vλ
over M. Let us consider the Levi-Civita connection ω of the chosen Riemannian
metric on P and let ω˜ be its (unique) lift to P˜. For any choice of λ ∈ Λ+, we have
the associated covariant derivative
∇λ : Γ(Vλ)→Γ(Vλ ⊗ T
∗(M)).
There are standard algorithms (see [Sal]) for a decomposition of the tensor product
Vλ ⊗Cn into irreducible components
Vλ ⊗Cn = ⊕λ′∈AVλ′ ,
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where A is the set of highest weights of all irreducible components (multiplicities
included). There are simple rules how to describe A = A(λ) explicitely for any λ
(see [F, S]). Let piλ′ be the projection from Vλ ⊗Cn to Vλ′. Then operators
Dλ,λ′ : Γ(Vλ)→ Γ(Vλ′), Dλ,λ′ := piλ′ ◦ ∇
λ
are first order conformally invariant differential operators and all such operators
can be constructed in this way.
Any conformally invariant first order differential operator is uniquely deter-
mined (up to a constant multiple) by a choice of allowed λ and λ′ but there is
no natural normalization in general. To study spectral properties, it is necessary
to remove this ambiguity and to fix a scale of the operator, to choose appropri-
ate normalization. For the Dirac operator, the choice of normalization is given
by the Clifford action. By using twisted Dirac operators, we shall extend this
normalization to a wide class of first order operators.
Definition 1 Let S (for n = 2k + 1), resp. S = S+ ⊕ S− (for n = 2k), denote
the basic spinor representations with highest weights σ = (1
2
, . . . , 1
2
, 1
2
), resp. σ± =
(1
2
, . . . , 1
2
,±1
2
).
Let λ ∈ Λ+, (for n = 2k + 1), resp. λ± ∈ Λ+ (for n = 2k) be dominant
weights with λ = (λ1, ..., λk−1,
1
2
), resp. λ± = (λ1, ..., λk−1,±
1
2
). Denote further
λ′ = λ− σ ∈ Λ+, resp. λ′ = λ+ − σ+ ∈ Λ+. In even dimensions, we shall use the
notation
Vλ = Vλ+ ⊕Vλ− .
The representation Vλ appears with multiplicity one in the decomposition of the
tensor product S ⊗Vλ′ (it is the Cartan product of both representations). Hence
we can write the product as
S⊗Vλ′ = Vλ ⊕W,
where W is the sum of all other irreducible components in the decomposition.
Let DTλ′ be the twisted Dirac operator on S ⊗ Vλ′. If we write the operator D
T
λ′
in the block form as
Γ(S ⊗ Vλ′) Γ(S ⊗ Vλ′)
Γ(Vλ) Γ(Vλ)
Γ(W ) Γ(W )
✲
✲
✲
✟
✟
✟
✟
✟✯❍
❍
❍
❍
❍❥
‖ ‖
⊕ ⊕
DTλ′
Dλ
we have defined 4 new invariant operators, one of them being the operator
Dλ : Γ(Vλ)→ Γ(Vλ).
Operators Dλ defined in such a way will be called higher spin Dirac operators.
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A certain subclass of invariant operators discussed above have appeared often in
discussions of higher dimensional generalizations of holomorphic differential forms
(see [DSS, So2]). They are arising in the following way. Let us consider spinor
valued differential forms, they are coming as elements of the twisted de Rham
sequence,
Γ(S±)
∇S
→ . . .Γ(Ωkc ⊗ S
±)
∇S
→ . . .
∇S
→ Γ(Ωnc ⊗ S
±)
where ∇S denotes the associated covariant derivative on spinor bundles extended
to S-valued forms (see [So2, VSe]).
Every representation Λk(Cn)⊗S can be split into irreducible pieces. There are
no multiplicities in the decomposition, so the irreducible pieces are well defined.
For k forms (k ≤ [n/2]), there are k pieces in the decomposition and the decom-
position is symmetric with respect to the action of the Hodge star operator. The
space of spinor valued k-forms Γ(Ωkc ⊗ S
±) (k ≤ [n/2]) can be written as the sum
⊕kj=1E
k,j and it can be checked (see [DSS, VSe, So2]) that Ek,j is the bundle associ-
ated with the representation with the highest weight λj = (
3
2
, . . . , 3
2
, 1
2
, . . . , 1
2
,±1
2
),
where the number j indicates that the component 3
2
appears with multiplicity
equal to j. Signs ± at the last components are relevant only in even dimensions
(more details can be found in [VSe]). The whole splitting can be described by the
following triangle shaped diagram (in odd dimensions, there are two columns of
the same length in the middle).
E0,0
D0−→ E1,0
D0−→ . . .
D0−→ Ek,0
D0−→ . . .
D0−→ E2k−1,0
D0−→ E2k,0
⊕ ⊕ ⊕ ⊕ ⊕
E1,1
D1−→ . . .
D1−→ Ek,1
D1−→ . . .
D1−→ E2k−1,1
⊕ ⊕ ⊕
. . .
Dj
−→
...
Dj
−→ . . .
⊕
Ek,k
The general construction of invariant operators described above can be used
in the special case of spinor valued forms. The covariant derivative ∇S restricted
to Ek,j and projected to Ek+1,j
′
is an example of this general construction. It
can be shown that if |j − j′| > 1, then the corresponding invariant operator is
trivial. We shall be mainly interested in ’horizontal arrows’, i.e. in operators Dj
given by restriction to Ek,j and projection to Ek+1,j. They are indicated in the
above scheme. The simplest cases among them are well known. The operator D0
is (a multiple of) the Dirac operator. The operator D1 is (an elliptic version of)
the operator called Rarita-Schwinger operator by physicists (see [EP, RaS, Wa]).
All of them are elliptic operators (see [So1]). Note that all operators Dj on the
same row in the scheme above cannot be identified without further comments. To
compare them, it is necessary first to choose an equivariant isomorphism among
corresponding bundles. Then they coincide up to a constant multiple.
To compare the operators Dj in the above scheme with the higher spin Dirac
operators (see Def.1), we shall choose a certain identification of the corresponding
4
source and target bundles. We shall do it for the first operator Dj in the row.
Let us characterize an algebraic operator Y : Γ(Ωk+1c ⊗ S) → Γ(Ω
k
c ⊗ S) by a
local formula
Y (ω ⊗ s) = −
∑
i
ι(ei)ω ⊗ ei · s,
where {ei} is a (local) orthonormal basis of TM and ι denotes the contraction of
a differential form by a vector. As shown in [VSe], the map Y : Ek+1,j → Ek,j, j <
k < [n/2] is an isomorphism.
The twisted Dirac operator DT maps the space Γ(Ωkc ⊗ S) to itself. In [VSe],
it was proved that we have a relation ∇ ◦ Y + Y ◦ ∇ = −DT . Let us denote the
projection from Ωkc ⊗ S onto E
k,j by pik,j. Symbols D˜j, 0 ≤ j < [n/2] will denote
operators
D˜j = Y ◦Dj = pij,j ◦ Y ◦ ∇
S|Ej,j ,
mapping the space of sections of Ej,j to itself. Then Y |Ej,j = 0 implies that
D˜j = pij,j ◦ Y ◦ ∇
S|Ej,j = −pij,j ◦D
T |Ej,j = −Dλj ,
where Dλj is the higher spin Dirac operator corresponding to the bundle Vλj , λj =
(3
2
, . . . , 3
2
, 1
2
, . . . , 1
2
) (component 3
2
appearing j times). More precisely, there are no
signs in odd dimensions, while in even dimension, Vλj = Vλ+
j
⊕ Vλ−
j
. To compute
spectrum of the higher spin Dirac operators, it is hence sufficient to do it for D˜j.
Now, we shall restrict our study to operators D˜j and we shall consider them
on spheres. We would like to compute their spectra. The spectrum of the Dirac
operator is well-known (see [B2]).
Lemma 1 The eigenvalues of the Dirac operator on the sphere Sn with standard
metric are
µl = ±
(
n
2
+ l
)
; l = 0, 1, 2, . . . .
with multiplicity
2[
n
2
]
(
l + n− 1
l
)
.
The main result of the paper is given in the following theorem.
Theorem 1 Let Dλj = −D˜j , 0 < j < n/2, be the higher spin Dirac operators
defined above, considered on the sphere Sn with the standard metric. Then their
eigenvalues are :
µ1l = ±
(
n
2
+ l
)
; l = 1, 2, . . . .
with multiplicity
2[
n
2
]
(
n+ 1
j + 1
)(
l + n
l − 1
)
(n− 2j)(j + 1)
(l + j)(l + n− j)
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and
µ2l = ±
[
n− 2j
n− 2j + 2
(
n
2
+ l
)]
; l = 1, 2, . . . .
with multiplicity
2[
n
2
]
(
n+ 1
j
)(
l + n
l − 1
)
(n− 2j + 2)j
(l + j − 1)(l + n− j + 1)
.
The rest of the paper will be devoted to the proof of the theorem.
3 Ratios of eigenvalues
A main tool for computation of eigenvalues will be taken from the paper of Bran-
son, O´lafsson and Ørsted (see [BOO]). Their paper is designed to construct invari-
ant operators on homogeneous spaces in a diagonal form. They have developed a
powerful method of study of invariant operators (not necessarily differential ones!)
using representation theoretical methods. They are prescribing the so called spec-
tral function, giving eigenvalues (up to a multiple) of an operator in question on
suitably defined finite dimensional spaces of eigenfunctions. It applies to a broad
class of homogeneous spaces, which includes the conformally invariant operators
considered above in case of odd dimensions. But operators Dλj in even dimen-
sional case are explicitely excluded from consideration in their paper. Our task
here is different so that we can compute ratios of eigenvalues using their method
also in even dimensions.
The first thing to note is that eigenspaces of our operators can be easily identi-
fied and described using representation theory. Let us consider the n-dimensional
sphere Sn as a homogeneous space
Sn = G/P = K/H
where G = Spino(n + 1, 1) , K = Spin(n + 1) is a maximal compact subgroup of
G, H = Spin(n) and P is a (noncompact) maximal parabolic P = MAN with
M ⊂ K. The invariant metric g on Sn is constructed by left translation of the
Killing form B˜ = B/2n, then Sn has constant sectional curvature K = 1 with
respect to this metric. We shall need here the compact picture Sn = K/H only.
Let λ ∈ Λ+ and let Vλ be the corresponding homogeneous bundle on the
sphere. The group K acts on the space of sections Γ(Vλ) by the left regular
representation. The group K is compact, hence the space of sections can be
decomposed to corresponding isotypic components, which are finite-dimensional.
The main case considered in [BOO] is the multiplicity one case, when these isotypic
components are irreducible. Then by Schur lemma, any invariant operator (when
restricted to these components and acting among identical bundles) is a multiple
of identity. Then these components are eigenspaces of the operator. To compute
ratios of eigenvalues, the authors use a suitable combination of Casimir operators
called the spectrum generating operator.
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There are explicit formulas how to find highest weights of isotypic components
appearing in the decomposition. They are given by the so called branching rules,
which were carefully studied in representation theory. In the conformal case needed
below, they are given as follows.
Let us agree first the following notation. Let λ ∈ Λ+(Spin(n)) and α ∈
Λ+(Spin(n + 1)). The symbol α ↓ λ is defined by the following relations:
1) Let n = 2k.
α ↓ λ ⇐⇒ α1 ≥ λ1 ≥ α2 ≥ λ2 ≥ . . . ≥ αk ≥ |λk|.
2) Let n = 2k + 1.
α ↓ λ ⇐⇒ α1 ≥ λ1 ≥ α2 ≥ λ2 ≥ . . . ≥ αk ≥ λk ≥ |αk+1|.
If we consider now the space of sections W = Γ(Vλ), λ ∈ Λ
+(H) as a K -
modul, then all isotypic components Vα, α ∈ Λ
+(K) have multiplcity at most one
and are nontrivial iff α ↓ λ. The sum ⊕α,α↓λWα is then dense in Γ(Vλ).
Methods and results of [BOO] can be used to show
Theorem 2 Let Dλ, λ ∈ Λ
+, |λk| =
1
2
, be a higher spin Dirac operator (see Def.1)
and let µ, µ′ be its two different eigenvalues, having both the same sign. Let W,
resp. W ′ be the corresponding spaces of eigenvectors.
Then there exist isotypic components Wα,Wα′ with highest weights α, α
′ ∈
Λ+(K) such that W ⊂Wα, W
′ ⊂Wα′ , and
µ
µ′
= Π
[n+1
2
]
a=1
Γ(1
2
(n+ 3)− a+ αa)Γ(
1
2
(n+ 1)− a+ α′a)
Γ(1
2
(n+ 3)− a+ α′a)Γ(
1
2
(n+ 1)− a+ αa)
Proof: Suppose first that n is odd, n = 2k + 1. Then the space Vλ is irreducible,
all isotypic conponents of Γ(Vλ) have multiplicity one and the formula above for
ratios of their eigenvalues was proved in [BOO].
So suppose next that n = 2k. In the paper [BOO], they have to exclude this
case from their construction. The main reason was that in this case, they had
no control over certain compatibility conditions needed for it. Nevertheless, if the
aim is not to construct intertwining operators but to compute their eigenvalues
under the assumption that they exist, it is not necessary to verify corresponding
compatibility conditions and their methods are applicable.
So only problem to discuss is that isotypic components of the space of sections
Γ(Vλ) have multiplicity two. Indeed, Vλ = Vλ+ ⊕ Vλ−. Isotypic components of
Γ(Vλ+), have all multiplicity one, but they are identical with the corresponding
isotypic components of Γ(Vλ−).
The operator Dλ intertwines action of K, so it preserves individual isotypic
components. If s = (s+, s−), s± ∈ Γ(Vλ±) is eigenvector of Dλ with eigenvalue µ,
then (s+,−s−) is eigenvector with eigenvalue −µ.Hence the restriction of Dλ to
any isotypic component Wα has at least two eigenvalues ±µ. The corresponding
eigenspaces are then K-modules and the isotypic component Wα is a direct sum
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of them. Let us denote by W+ the closure of the sum of all eigenspaces corre-
sponding to positive eigenvalues. The corresponding isotypic components have
multiplicity one, W+ is an invariant subspace with respect to the action of G and
the computation in [BOO] can be repeated to prove the result.
✷
4 Normalisation of eigenvalues
To finish the computation of spectra, it is necessary to compute at least one eigen-
value of a given operator. The spectrum of the Dirac operator is known. We shall
show how to compute inductively one eigenvalue for operators D˜j = −Dλj , 0 <
j < [n/2]. It will lead then in next section to a formula for their full spectrum.
A useful relation among spectra operators D˜j was shown in [VSe], the following
theorem is proved there.
Theorem 3 Let M be an Einstein spin manifold. Let us define a first order
differential operator Tj by
Tj = pij+1,j+1 ◦ ∇
S|Ej,j , 0 ≤ j ≤ [n/2]− 1.
If s is an eigenvector of the operator D˜j corresponding to an eigenvalue µ and
if Tj(s) 6= 0, then s
′ = Tj(s) is an eigenvector of the operator D˜j+1 corresponding
to the eigenvalue µ′ = −n−2
n
µ.
As a consequence, if we are able to find eigenvectors of D˜j which does not
belong to the kernel of Tj , we can compute at least one eigenvalue of D˜j+1. The
following theorem shows that it is always possible.
Theorem 4 The operators Tj , 0 ≤ j ≤
n
2
− 1 have nontrivial symbol, hence their
kernel is a proper subset of Γ(Vλj ).
Proof: Let ε(v) : Ωjc → Ω
j+1
c , v ∈ Ω
1
c denote the outer multiplication by the
element v. Then symbol σ of the operator D˜j is given by
σ(v)(ω) = pij+1,j+1 ◦ ε(v)(ω), v ∈ Ω
1
c , ω ∈ E
j,j ⊂ Ωj ⊗ S.
Let vj denote a nontrivial weight vector of the fundamental representation C
n
corresponding to a weight λj = (0, . . . , 1, . . . , 0) with 1 on the j-th place, resp.
corresponding associated element in Ω1c . Then v1 ∧ . . .∧ vj is a (nontrivial) weight
vector of ΛjCn. Denote further by s0 a nontrivial weight vector for the highest
weight of S. Then
w = v1 ∧ . . . ∧ vj ⊗ s0
is a (nontrivial) weight vector for the highest weight of ΛjCn⊗S. Hence w belongs
to the Cartan product of Ωj ⊗ S, which is just equal to Ej,j.
Hence
σ(vj+1)(v1 ∧ . . . ∧ vj ⊗ s0) = (−1)
jv1 ∧ . . . ∧ vj+1 ⊗ s0
is a nontrivial vector and the theorem is proved. ✷
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5 The proof of Theorem 1
Now we can finish the proof of the main theorem. It is necessary to distinguish
even and odd dimensional cases.
Proof:
1) Let first n = 2k + 1.
The highest weight of the space S = E0,0 is λ0 = (
1
2
, . . . , 1
2
) (k components)
and the space of sections of Γ(E0,0) is a sum of K-types
Aα0(±,l), α0(±, l) =
(
2l + 1
2
,
1
2
, . . . ,
1
2
,±
1
2
)
, l = 0, 1, 2, . . . ,
(α0(±, l) having k + 1 components).
The highest weight of the space Ej,j, j > 0 is λj =
(
3
2
, . . . , 3
2
, 1
2
, . . . , 1
2
)
(with 3
2
appearing j times) and the space of sections of Γ(Ej,j) is a sum of K-types
Aαj(±,l), αj(±, l) =
(
2l + 1
2
,
3
2
, . . . ,
3
2
,
1
2
, . . . ,
1
2
,±
1
2
)
, l = 1, 2, . . . ,
and
Bβj(±,l), βj(±, l) =
(
2l + 1
2
,
3
2
, . . . ,
3
2
,
1
2
, . . . ,
1
2
,±
1
2
)
, l = 1, 2, . . . ,
where the component 3
2
is appearing j−1 times in the weight αj(±, l) and j times
in the weight βj(±, l).
Using the formula for the ratio of eigenvalues from Th.2, we get first for α =
αj(±, l)
Π
n+1
2
a=1
Γ(1
2
(n+ 3)− a + αa)
Γ(1
2
(n+ 1)− a + αa)
= ±(
n
2
+ l)2−
n−1
2 (n!!)(
n
2
− j)−1,
hence there are constant C1, C2 (independent of a K type chosen, but depending
on n and j) such that the eigenvalues µ1±,l(j), resp. µ
2
±,l(j), corresponding to the
eigenspace Aα(±,l), resp. Bβ(±,l) are equal to
µ1±,l = ±C1 (l +
n
2
)
resp.
µ2±,l = ±C2 (l +
n
2
).
Moreover, Th.2 implies that
µ1±,l(j)
µ2±,l(j)
=
n− 2j
n− 2j + 2
.
The unknown constants C1, C2 will be computed inductively (with respect to j).
For the Dirac operator, the spectrum is known (see e.g. [B2]), the eigenvalue
corresponding to K-typ with α(±, l) is equal to (n
2
+ l).
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For the Rarita-Schwinger operator (j = 1), there are two sequences of K-types,
one of them being a subset of that for the Dirac operator (only the first term is
missing).
The twistor operator T0 is invariant (hence should preserve the label of a K-
type) and has a finite dimensional kernel (hence is nontrivial for at least one
K-type). Th.3 is then saying that
µ1±,l(1) = ±
(
n
2
+ l
)
n− 2
n
,
hence the theorem is valid for j = 1.
Due to the preceding theorem, operators Tj are nontrivial for all j, so the proof
can be finished in the same way by induction.
2) Let n = 2k. In even dimensions, Ej,j, j > 0 is a sum of two ± spaces with highest
weights λ±j =
(
3
2
, . . . , 3
2
, 1
2
, . . . , 1
2
,±1
2
)
(k components, 3
2
appearing j times). Hence
the space of sections will be a sum of K-types (α’s having also k components)
Aα(l), α(l) =
(
2l + 1
2
,
3
2
, . . . ,
3
2
,
1
2
, . . . ,
1
2
)
, l = 1, 2, . . . ,
and
Bβ(l), β(l) =
(
2l + 1
2
,
3
2
, . . . ,
3
2
,
1
2
, . . . ,
1
2
)
, l = 1, 2, . . . ,
where 3
2
is appearing j− 1 times in the weight α(l) and j times in the weight β(l).
This time, however, each type will appear with a multiplicity two.
As in the proof of Th.2, we can split each isotypic component with respect
to K as a sum of eigenspaces corresponding to opposite eigenvalues. The sum of
spaces corresponding to positive ones will be invariant with respect to G and the
same proof as in odd dimensional case will go through.
The formula for the dimension of the space of eigenvectors is the consequence
of the Weyl dimensional formula for the representation with the corresponding
highest weight. ✷
References
[B1] Ba¨r, Ch.: The Dirac operator on homogeneous spaces and its spectrum on
3-dimensional lens spaces, Arch. Math., 59 (1992), 65-79.
[B2] Ba¨r, Ch.: The Dirac operator on space forms of positive curvature,
J. Math. Soc. Japan, 48 (1996), 69-83.
[BE] Baston R.J.; Eastwood M.G.: The Penrose transform. Its interaction with
representation theory, Clarendon Press, Oxford, 1989.
10
[BFGK] Baum, H.; Friedrich, T.; Grunewald, R.; Kath, I.: Twistor and Killing
spinors on Riemannian manifolds, Seminarbericht 108, Humboldt University,
Berlin, 1990.
[BGM] Berger M., Gauduchon P., Mazet E.: Le spectre d’une variet Riemanniene,
LNM, Vol.94. Springer, Berlin, 1971.
[BOO] Branson T., Olafsson G., Ørsted B.: Spectrum generating operators and
intertwining operators for representations induced from a maximal parabolic
subgroup, J.Funct.Analysis, 135 (1996), 163-205.
[CFG] Cahen M.; Franc A.; Gutt S.: Spectrum of the Dirac operator on complex
projective space P2q−1(C), Letters in Math.Physics, 18 (1989), 165-176.
[CSS1] Cˇap A.; Slova´k. J; Soucˇek V.: Invariant operators on manifolds with
AHS structures, I. Invariant differentiation, Acta Mat.Univ.Comenianae, 66
(1997), 33-69.
[CSS2] Cˇap A.; Slova´k J.; Soucˇek V.: Invariant operators on manifolds with AHS
structures, II. Normal Cartan connections, Acta Mat.Univ.Comenianae, 66
(1997), 203-220.
[CaH] Camporesi R.; Higuchi A.: On the eigenfunctions of the Dirac operator on
spheres and real hyperbolic spaces, J.Geom.Phys, 20 (1996), 1-18.
[DSS] Delanghe, R.; Sommen, F.; Soucˇek, V.: Clifford Algebra and Spinor-Valued
Functions, Kluwer Ac. Publishers, 1992.
[DF] Dlubek H.; Friedrich Th.: Spektraleigenschaften des Dirac-operators, die fun-
damentallosung seiner wa¨rmeleitungsgleichung und die asymptotenentwiklung
der zeta-funktion, J.Diff.Geometry, 15 (1980), 1-26.
[E] Esposito G.:Dirac operator and spectral geometry, Preprint, hep-th 9704016.
[EP] Esposito G.; Pollifrone G.: Twistors and 3/2 potentials in quantum gravity,
Twistor Newslwtter, 35-53.
[F] Fegan
H.D.:Conformally invariant first order differential operators, Quat.J.Math.
Oxford, 27 (1976), 371-378.
[Fra1] Frauendiener J.: Another view at the spin (3/2) equation, Twistor Newslet-
ter, 37 (1994), 7-9.
[Fra2] Frauendiener J.: A higher spin generalization of the Dirac equation to ar-
bitrary curved manifolds, Twistor Newsletter, 37 (1994), 10-13.
[FraS] Frauendiener J.; Sparling G.A.: On a class of consistent linear higher spin
equations on curved manifolds, Preprint, 1994.
11
[Fri1] Friedrich, T.: Dirac-Operatoren in der Riemannschen Geometrie, Vieweg,
1997.
[Ga] Gaffney M.P.: Assymptotic distributions associated with the Laplacian for
forms. Comm. Pure Appl. Math., 11 (1958), 535-545.
[GJM] Graham C.R.; Jenne R., Mason L.J.: Conformally invariant powers of the
Laplacian, I. Existence, J.London Math.Soc., 46 (1992), 557-562.
[Gr] Graham C.R.: Conformally invariant powers of the Laplacian, II. Nonexis-
tence, J.London Math.Soc., 46 (1992), 566-576.
[Hi] Hijazi, O.: Eigenvalues of the Dirac operator on compact Ka¨hler manifolds,
Comm. Math. Phys. 160 (1994), 563–579.
[H] Humphreys, J.: Introduction to Lie Algebras and Representation Theory,
Springer-Verlag, 1972.
[IT] Ikeda A.; Taniguchi Y.: Spectra and eigenforms of the Laplacian on Sn and
P n(C) , Osaka J. Math., 15 (1978), 515-546.
[Kir] Kirchberg, K.-D.: The first eigenvalue of the Dirac operator on Ka¨hler
manifolds, J. Geom. Phys., 7 (1990), 449–468;
[KSW] Kramer, W.; Semmelmann, U.; Weingart, G.: Eigenvalue estimates for
the Dirac Operator on quaternionic Ka¨hler Manifolds, SFB 256, Preprint 507,
Bonn.
[Li1] Lichnerowicz, A.: Spin manifolds, Killing spinors and the universality of the
Hijazi inequality, Letters in Math. Phys., 13 (1987), 331-344.
[Li2] Lichnerowicz, A.: La premie`re valeur propre de l’ope´rateur de Dirac pour
une varie´te´s Ka¨hle´rienne et son cas limite, C.R.Acad.Sci.Paris, 311 (1990),
717-722.
[Lo] Lott J.: Eigenvalue bounds for the Dirac operator, Pacific.J. of Math., 125
(1986), .
[MP] Mason, L.J; Penrose, R: Spin 3/2 fields and local twistors, Twistor Newslet-
ter 37, (1994), 1-6.
[MS] McKean H.P.; Singer I.M.: Curvature and eigenvalues of the Laplacian,
J.Diff.Geometry, 1 (1967), 43-69.
[Mi] Milhorat, J.-L.: Spectre de l’ope´rateur de Dirac sur les espaces projectifs
quaternioniens, C.R.Acad.Sci.Paris, 314 (1992), 69-72.
[Mo] Moroianu, A.: La premie`re valeur propre de l’ope´rateur de Dirac sur les
varie´te´s ka¨hle´riennes compactes, Commun.Math.Phys., 169 (1995), 373–384.
12
[N] Nicolas J.-P.: Spin 3/2 zero rest-mass fields in the Schwarzschild space-time,
Twistor Newsletter, 39 (1995), 6-10.
[NGRN] Nielsen N.K.; Grisaru M.T.; Rmer H.; Nieuwenhuizen P.: Approaches to
the gravitation spin-3/2 axial anomaly, Nucl.Physics, B140 (1978), 477-498.
[Pe1] Penrose, R: A twistor-topological approach to the Einstein equations, Twistor
Newsletter, 38 (1994), 1-9.
[Pe2] Penrose, R: Twistors as spin 3/2 charges, Gravitation and Cosmology
(A.Zichini, eds.), Plenum Press, New York, 1991.
[Pe3] Penrose, R: Twistors as spin 3/2 charges continued: SL(3,C) bundles,
Twistor Newsletter, 33 (1991), 1-7.
[Pe4] Penrose, R: Twistors as charges for 3/2 in vacuum, Twistor Newsletter, 32
(1991), 1-5.
[Pe5] Penrose, R: Concerning Space-Time points for spin 3/2 twistor space,
Twistor Newsletter, 39 (1995), 1-5.
[RaS] Rarita W.; Schwinger J.:On a theory of particles with half-integral spin,
Phys.Rev., 60 (1941), 61.
[Ry1] Ryan J.: Conformally covariant operators in Clifford analysis, Jour. for
Anal. and its Appl., 14 (1995), 677-704.
[Sa] Sakai T.: On eigenvalues of Laplacian and curvature of Riemannian mani-
folds., Thoku Math.J., 23 (1971), 589-603.
[Sal] Salamon S.: Quaternionic manifolds, PhD.Thesis, Oxford, 1980.
[US] Semmelmann, U.: Komplexe kontaktstrukturen und Kahlersche Killingspino-
ren, Dissertation, Humbold University, Berlin.
[VSe] Severa, V.: Invariant differential operators on Spinor-valued differential
forms, Dissertation, Charles University, Prague, 1998.
[S] Slova´k, J.: Natural Operators on Conformal Manifolds, Habilitation, Masaryk
University Brno, 1993.
[So1] Soucˇek V. : Monogenic differential forms and BGG resolution, accepted to
Proc. ISAAC Conf., Delaware, 1997.
[SoS] Sommen,F; V.Soucˇek, V: Monogenic differential forms, Complex Variables,
Theory and Appl., 19 (1992), 81-90.
[So2] Soucˇek, V.: Monogenic forms on manifolds, in Z. Oziewicz et. al. (Eds.),
Spinors, Twistors, Clifford Algebras and Quantum Deformations, Kluwer
Academic Publishers, 1993, 159-166.
13
[So3] Soucˇek, V: Conformal invariance of higher spin equations, in Proc. of Sym-
posium ”Analytical and numerical methods in Clifford analysis, Seiffen, 1996.
[Su] Sulanke S.: Der erste Eigenwert des Dirac Operators auf S5/Γ, Math.Nachr.,
99 (1980), 259-271.
[T] Townsend P.K.: Cosmological constant in supergravity, Phys.Rev. D, 15
(1977), 2802-2805.
[Wa] Wang, M.: Preserving Parallel Spinors under Metric Deformations. Indiana
Univ.Math.Jour., 40 (1991),
14
